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Abstract 

It has been suggested that new massive gravity with higher order terms in the curvature may 
be renormalizable and thus a candidate for renormalizable quantum gravity. We show that three- 
dimensional gravity that contains quadratic scalar curvature and Ricci tensor is renormalizable, 
but those theories with special relation between their coefficients including new massive gravity 
are not. 
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1 Introduction 



Constructing quantum theory of gravity is one of the most important problems in theoretical 
physics. It has been known for some time that gravity is renormalizable in four dimensions if 
one includes higher derivative terms [1]. However there is a price. The unitarity of the theory, 
which is one the most important properties of any physical theory, is not preserved. So the 
theory has not been taken very seriously. 

Recently a very interesting proposal has been made that the addition of such higher order 
terms to three-dimensional gravity can keep the theory unitary and possibly renormalizable 
if the coefficients are chosen appropriately [2]. The usual Einstein gravity does not have any 
propagating mode in three dimensions, but the addition of these terms introduces propagating 
massive graviton around flat Minkowski and curved maximally symmetric spaces (anti-de Sitter 
and de Sitter spaces). A similar theory of massive graviton with higher derivative Lorentz- 
Chern-Simons (LCS) term has long been known as topologically massive theory [3], but the 
theory violates parity. In contrast, the new theory is a parity preserving theory, and it is 
called new massive gravity. Since then, various aspects of the theory have been investigated. 
Linearized excitations in the field equations were studied in [4] . Unitarity is proven for Minkowski 
space in [5, 6, 7], whereas it is discussed in [8] for maximally symmetric spaces. A complete 
classification of the unitary theory for the most general action with arbitrary coefficients of all 
possible terms is given in [9]. A partial result of the unitarity condition on the flat Minkowski 
space is known for the usual sign of the Einstein theory [10]. 

Though these kinds of theories have their own significance, it is also known that such higher 
order terms are present in the low-energy effective theories of superstrings. In this circumstance, 
these terms are regarded just as perturbative corrections to the lowest order terms, and are not 
considered to be modes to be quantized together. However, it is more appropriate to consider 
these terms together if one would like to understand the quantum theory of gravity. Also, there 
is some ambiguity in such theories due to the field redefinition. If the approach of requiring 
unitarity and renormalizability determines the coefficients to certain extent, it may cast some 
light on the superstrings themselves. 

With such higher order terms, one may expect that the theory is renormalizable. In fact, it 
has been argued that the topological massive gravity may be renormalizable if suitable regular- 
ization is given [11], but this theory breaks parity and the standard gauge-invariant regularization 
such as dimensional regularization cannot be used. More recently, it was claimed that the new 
massive gravity is renormalizable [12]. However, there seem to be flaws in this argument, and we 
will discuss where it fails. There are also several arguments against renormalizability [13], and 
this is still under debate. It is important to settle the issue of whether the gravitational theory 
is unitary and renormalizable or not. In this paper we critically examine the renormalizability 
of the three-dimensional gravity with quadratic curvature terms and try to clarify the situation. 

Following the general discussions of renormalizability of four-dimensional higher derivative 
gravity using Becchi-Rouet-Stora-Tyutin (BRST) symmetry [1], we study the quantum property 
of the three-dimensional theory. We examine the theory with arbitrary coefficients for scalar 
and Ricci curvature squared but without a LCS term because we assume the gauge-invariant 
dimensional regularization in our analysis, which may not be used for parity-violating theory. 
This analysis shows that the theory is renormalizable for general coefficients of these terms. 
However, we find that there are two important exceptions to this. The renormalizability fails 
precisely for the cases of unitary theories around flat Minkowski space, the new massive gravity 
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and R 2 theory. Thus, unfortunately, the unitarity and renormalizability do not seem to be 
compatible. We would like to emphasize that it is important to settle this question in the 
context of searching for quantum gravity. 



2 Higher Derivative Gravity in 3D 

Let us start with the action 



S = 



1 



K 



d 3 x^/^g 



oR + aR 2 + (3R 



d xCqmg, 



(1) 



where k 2 is the three-dimensional gravitational constant, a, (3 and a(= 0, ±1) are constants. 
Though we can have topological mass term given by the gravitational LCS term, we do not 
consider it in this paper for simplicity. 



2.1 Propagator 

We define the fluctuation around the Minkowski background by 

Substituting (2) into our action (1), we find the quadratic term is given by 
1 



(2) 



C 2 = -p» 



p(2)(0D + a) + P^{(8a + 30) □ - ^} + 2P (0 ' u,) {(8a + 3/?)D - a} 



/it/, pa 



(3) 



where we have defined the projection operators as [10] 



p(2) 
fiv,pa 

p(i) 

pi/,p<T 

p(0,«) 
± pv,pa 



-j{Qp,pU V(J + 0^ a Ld up + OypUl^u + 6 ua L0p p ), 
^VpLvVpa, r pu,pa ~ w pumper, 



p(0,sw) _ _}_o p(0,ws) _ _}_ 



^^pu^pcr, * ^pcr — ^^pu^pcr, 



with 



dpdv 



□ 



dpdv 



pv 



□ 



(4) 



(5) 



p( 2 ), p( 1 ), p(°' s ) and p( '™) are the projection operators onto spin 2, 1 and parts, and they 
satisfy the completeness relation 



( p( 2) + P (i) + p (o, s ) + P {^) )ixvpa = l -(^ va + r,^), 



(6) 



on the symmetric second-rank tensors. 
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The BRST transformation for the fields is found to be 



&B9tiv = SX[g pu d p c p + g pp d u c p + d p g pi/ c p ], 

5 B c p = -5Xc p d p c p , 

<5bc m = iSXB p , 

5 B B^ = 0, (7) 

which is nilpotent. Here SX is an anticommuting parameter. We use the same gauge fixing as 
[1] using g^, whose BRST transformation is given by 

S B gT = 5X{g pp d p c» + ~g vp 3 p c p - ~g pu d p c p - d„g^cf) = 5XV p %c p . (8) 

The gauge fixing term and Faddeev-Popov (FP) ghost terms are concisely written as 

C GF+FP = ib B [c^d v h pv - a -B p )\jbX 

= -B^h p - -zc p d,V^ p c p + ^B^B p , (9) 

where a is a gauge parameter and the indices are raised and lowered with the flat metric. 

The simplest way to read off the propagator for the graviton is to first eliminate the auxiliary 
field B p and look at the quadratic part. We find that it is given by 



C 2 , t = \h»» 



p( 2 \(3n +a) + ^P (1) + P(°' s ){(8a + 3/3)D - a} + 2P^{{8a + 3/3)D - a + i} 

+ V / 2(P (0 ' SU ' ) + P (0 '" ,s) ){(8a + 3/3)D -a}] Uh p \ (10) 

J /ij/, po- 



Using the completeness property and the orthogonality of the projection operators, we find the 
propagator is given by 



p(2) p(0,s) 
+ 



(2tt) 3 Lfc 2 (/3fc 2 -a) k 2 {(8a + 3f3)k 2 + a} 

__^_| 2 p(i) _|_ 2p(°' s ) + p(o,tf) _ ^/2(p(°. s-lu ) _|_ p(o,tfs))j. _ 
*2k 2 



[iv, P a 



We shall take the Landau gauge given by a = 0. Since the theory is invariant under the 
general coordinate transformation, this does not cause any problem, but simplifies the discussions 
considerably [1]. In this gauge, we have 

dubf™ = 0. (12) 

Note that the above propagator satisfies k p D piV ^ pa {k) = in this gauge. Also, the propagator 
damps as k~ 4 for large momentum. As a result, as we argue later, the theory becomes renor- 
malizable. However, there are two important exceptional cases: 8a + 3/3 = and f3 = 0. The 
former case corresponds to the new massive gravity recently discussed extensively [2]. Although 
this theory is found to be unitary either for 8a + 3/3 = or /3 = [6]- [9], the following power 
counting argument fails precisely in these cases and the theory is not renormalizable. For a = 0, 
in addition to 8a + 3/3 = discussed in [6], the propagator cannot be obtained in the usual 
sense, and the following argument for the renormalizability does not apply. 
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2.2 Slavnov- Taylor identity 



If we introduce the Grassmann-odd source Kp V and the Grassmann-even source Lp, we have the 
BRST-invariant action 



I sym [hpu,c a ,c^Kp U ,Lp] = J d 3 x[C GMG + £gf+fp + K^W™ p c p - L^d^} 



'I 



d 3 x C 



sym- 



(13) 



The BRST invariance follows from (7), (9) and the nilpotency of the BRST transformation. 
The generating functional of Green's functions is given by 



Z[Jnv, Va,if, Kpv, L p ] = J [dh] [dc] [dc] exp fi J d 3 x[C sym + J^W + r] a c a + c a rj a ' 

= exp [iW[Jp V ,f] a ,rf ,Kp V ,Lp^ , 



(14) 



where Jp U , and r/ a and r/ a are Grassmann-even and Grassmann-odd sources, respectively. The 
BRST invariance of the functional (14) 



= J [dh][dc][dc]S B exp (i J d 3 x[£ sym + J^h^ + fj a c a + c a r] c 



implies that 



o, 



(15) 



(16) 



where the field Bp is eliminated by its field equation. This yields the Slavnov- Taylor identity 



/ 



d 3 x 



T SW SW i uo SW 



^IXV v±-ip 

The equations of motion for the FP ghost is 



As usual, the effective action is defined by 

V[hr, c a ,c?, Kp U , Lp] = W[Jp U ,fj a , rf, Kp U , L p ] - j d 3 x [J^U* + f] a c a + c a rf 
It follows from (14) that 



The relations dual to these are 



SW 



SW 



ST ' " ~ x - ' M 



C,. = - 



SW 
Srf' 



ST 



We further define 



■V" 6h ^> Vo-Sd*' 71 - Sc a 



r = f + y d 3 x^-{d v h^f. 



(17) 



(18) 



(19) 



(20) 



(21) 



(22) 
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With the help of the relations 



<5r 



SK 



_5W_ 



5T 5W 



and the ghost field equation 



the Slavnov-Taylor identity reduces to 

5T 5T 



I 



+ 



8T 5T 



0. 



(23) 



(24) 



(25) 



The ro-loop part of the effective action is denoted by r( n ). The effective action is a sum of 
these terms: 



n=0 



(26) 



Suppose that we have successfully renormalized the effective action up to (n — l)-loop order. 
Write 



r(n) _ V (n) p (n) 
1 finite div ' 



(27) 



If we insert this breakup into Eq. (25) and keep only the terms which are of n-loop order, we 
get 



/ 



d 3 x 



ffWffC) 5T ( 2>5T(°) sr(°)6v { !!> 5r(°Ur 



(n) 



div 



+ 



div 



+ 



div 



+ 



div 



Sh^ SK^ 5c» 5L^ 5h^ 5K^ U 5c^ 5L^ 

sr r (n-i) r r (i) r r (n-i) r-p(i) 

01 finite 01 finite _|_ 01 finite oi finite 



/n 
i=0 



Sh^ 5K, 



5cP 6L, 



(28) 



Since each term on the right-hand side of (28) remains finite as e(= d— 3) — > in the dimensional 
regularization, while each term on the left-hand side contains a factor with a pole in e, each side 
of the equation must vanish separately This leads to 



/ 



d 6 x 



5K^ 5hw + 5L\ 5c x + Shf" 5K^ + Sc x SL X 



r (n) - o 

1 div — u - 



(29) 



This identity will be used in later discussions of renormalizability. 



2.3 Renormalizability 

Under the expansion (2), the Einstein term gives graviton vertices with two derivatives, and 
curvature square terms give those with four derivatives. Consider arbitrary Feynman diagrams. 
We use the following notations. 

V2: the number of graviton vertices with two derivatives from the R term. 

V4: the number of graviton vertices with four derivatives from the R 2 term. 
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V c : the number of ghost-antighost-graviton vertices with two derivatives. 

Vk- the number of if-graviton-ghost vertices. 

Vl- the number of L-ghost-ghost vertices. 

Ih- the number of internal-graviton propagators. 

I c : the number of internal-ghost propagators. 

E^: the number of external gravitons. 

E c : the number of external ghosts. 
Since the graviton propagator behaves as k~ 4 and the FP ghost propagator as k~ 2 , we are led 
by the standard power counting to the degree of divergence of an arbitrary diagram: 

D = 3L - AI h - 2I C + 4V 4 + 2V 2 + 2V C + V K + V L . (30) 

Using the relation 

L = I h + I c - (V 4 + V 2 + V C + V K + V L - 1), (31) 

we get 

D = 3-I h + I c + V 4 -V 2 -V c -2V K -2V L . (32) 
We further use the topological relation 

2V C + V K + 2V L = 2I C + E C + E e , (33) 

to obtain 

D = 3-(I h -V 4 )-V 2 - ^V K - V L - X -(E C + E s ). (34) 

Now the ghost vertex contained in the FP ghost term in (9), upon partial integration, can be 
rewritten as 

i[d p d^c u ■ c u h»P + d^c u ■ c u d p h»P + dyfiy ■ d"d p h v P] . (35) 

In the Landau gauge in which we have (12), the last two terms do not couple to the propagator. 
Also integration by parts in the remaining term can be used to move the derivative onto the 
ghost using the gauge condition: 

idpdpCv ■ c u h^ p « icydpd^hPP. (36) 

As a result, in one-particle irreducible (1PI) diagrams, each external ghost and antighost carries 
two factors of external momentum [1]. The resulting degree of divergence of an arbitrary 1PI 
diagram is then 

= 3 - (4 - V 4 ) -V 2 - hl K -V L - b -{E c + E e ). (37) 

We note that Ih — V 4 > for 1PI diagrams. Consequently we find that the possible divergences 
are restricted; those with external ghosts and antighosts have Z)( 1PI ) < —2, those with the 
external K and ghost Z)( 1PI ) < — 1, and those with L and two ghosts have Z)( 1PI ) < —3. Hence, 
we have 

sr (n) SF (n) 5r (n) 

01 div _ 01 div _ 01 div _ q ^gg-j 



5c X §KP u 5L 



A 
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The Slavnov- Taylor identity (29) then reduces to 




= 0. 



(39) 



Together with (38), this implies that T^ is gauge invariant. Consequently T^ are local 
gauge-invariant functionals of g^ v with zero and two derivatives (up to three). This allows 
only the counterterms of the Einstein and the cosmological terms. Hence the theory is super- 
renormalizable. 

However we note that there are very important exceptional cases to these arguments: 8a + 
3/3 = and fi = 0. As noted in Sec. 2.2, the behavior of the propagator becomes k~ 2 even in 
the Landau gauge and the degree of divergence is changed to 



Diagrams are more divergent as the numbers of the vertices and propagators of the graviton are 
increased, and the theory is not renormalizable. 

3 Discussions and conclusions 

In this paper we have studied whether higher derivative gravity in three dimensions is renor- 
malizable or not. As it turns out, the general theory is renormalizable, but if we restrict the 
coefficients to special values 8a + 3/3 = or (3 = 0, then the convergence property of the graviton 
propagator becomes worse, and the power counting indicates that the theory is not renormaliz- 
able. Unfortunately, these are precisely the cases when the theories are unitary at the tree level; 
the former case is known as new massive gravity, and the latter is a special case of f(R) gravity. 

In new massive gravity, it is known that the condition 8a +3/3 = eliminates the propagating 
spin mode. From the graviton propagator (11), we see that it is the spin component of the 
graviton that gives this bad behavior to the propagator. If the scalar mode decouples from 
all physical quantities, then this would not spoil the renormalizability of the theory. However, 
this is not the case. Even if the scalar mode is excluded in the initial states, this mode enters 
physical processes through the interactions so that it produces divergences which cannot be 
renormalized. Only if there is some kind of local gauge invariance to ensure the decoupling of 
the scalar mode can the theory be renormalizable. However, there is no such invariance in our 
present higher derivative gravity in three dimensions and the theory is not renormalizable with 
the above restriction on the coefficients. 

There has been an argument that claims the new massive gravity is renormalizable [12]. 
We find that there are two points that need careful consideration. The first is that the author 
introduces mass terms which break the gauge invariance of the theory and derives the graviton 
propagator, which has bad behavior and makes the resulting power counting invalid. However, 
it was argued that these parts decouple and one can ignore these bad behaviors; only the k~ A 
behavior of the spin 2 component is taken. This does not seem to be justified because there is 
no invariance that ensures the decoupling of the scalar mode in this theory when interactions 
are taken into account. Moreover the gauge invariance or the invariance under the general 
coordinate transformation is explicitly broken by the mass term, and it is expected that there 
arises an inconsistency in the spin-2 part with nonlinear interactions. Second, the author claims 
that the massless limit gives the new massive gravity so that the latter itself is renormalizable. 



Z)( 1P/ ) = 3 + I h + V 4 -V 2 -^V K -V L -^(E c + E 5 ). 



(40) 
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However the massless limit is subtle in general field theories, and we expect that this procedure 
is dubious. If such manipulation were allowed, we could have proved the renormalizability of 
the Yang-Mills theory including the mass term. Considering these points, we believe that this 
"proof" cannot be justified and conclude that the new massive gravity is not renormalizable 
though the general theory is. Thus unfortunately the new massive gravity does not give the 
quantum thoery of gravity, but our analysis opens the possibility that if there is some symmetry 
which can eliminate the scalar mode, there is a possibility of finding renormalizable and unitary 
theory. 
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